Linear k-power/k-potent preservers between matrix spaces  by Zhang, Xian & Cao, Chong-guang
Linear Algebra and its Applications 412 (2006) 373–379
www.elsevier.com/locate/laa
Linear k-power/k-potent preservers between
matrix spaces
Xian Zhang∗, Chong-guang Cao
School of Mathematical Science, Heilongjiang University, Harbin 150080, PR China
Received 1 February 2005; accepted 6 July 2005
Available online 2 September 2005
Submitted by C.-K. Li
Abstract
Suppose F is a field. Let Mn(F) be the linear space of all n × n matrices over F, and let
Sn(F) be its subspace consisting of all symmetric matrices. Let m, n, k be positive integers with
k  2, and let V ∈ {Mn(F), Sn(F)} andW ∈ {Mm(F), Sm(F)}. A linear map f :V→W
is called a k-power preserver if f (A)k = f (Ak) for every A ∈V, and a k-potent preserver if
f (A)k = f (A) for any A ∈V with Ak = A. We characterize: (I) linear k-power preservers
from Mn(F) to Mm(F) when ch F > k or ch F = 0; (II) linear k-potent preservers from Mn(F)
to Mm(F) when F is an algebraically closed field with ch F = 0; (III) linear k-power preservers
from Sn(F) to Mm(F) (respectively, Sm(F)) when ch F > k  5 or ch F = 0; and (IV) linear
k-potent preservers from Sn(F) to Mm(F) (respectively, Sm(F)) when F is an algebraically
closed field with ch F = 0.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Suppose F is a field. LetMn(F) be the linear space of all n × nmatrices over F, and
let Sn(F) be its subspace consisting of all symmetric matrices. A matrix A in Mn(F) is
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said to be potent if Ar = A for some integer r with r  2. For any fixed integer k with
k  2, a matrix A in Mn(F) is called k-potent if Ak = A. Usually, 2-potent is called
idempotent and 3-potent is called tripotent. Let n,m be two positive integers,V ∈
{Mn(F), Sn(F)} andW ∈ {Mm(F), Sm(F)}. We say that a linear map f :V→W is
a k-power preserver iff (A)k = f (Ak) for anyA ∈V. Clearly, a k-power preserver is
certainly a k-potent preserver. Let ch F represent the characteristic of F. Denote by ⊗
and ⊕ the Kronecker product and the direct sum of matrices, respectively.
In the past six decades, many authors studied linear preserver problems (see
[4,7,8,11–14] and the references therein). Recently, linear preserver problems were
extensively studied on the two aspects: (a) study additive preserver problems (see
[20,23,24] and the references therein); and (b) generalize results of linear preserver
problems on the same matrix space to those from one matrix space to another
(see [2,4,15,19,21–23]). The aim of this article is to generalize several results of
linear k-power/k-potent preservers on Mn(F) (respectively, Sn(F)) to those from
Mn(F) to Mm(F) (respectively, from Sn(F) to Sm(F)), where m and n are positive
integers.
Now we introduce several results related closely to this article. When F is the
field of all complex numbers, Brešar and Šemrl [1] characterized linear potent/k-
potent preservers on Mn(F) by using a result (see [10]) which is concerned with
Jordan endomorphisms of Mn(F) and a result (see [9]) which is concerned with
nilalgebras. In [6], Chan and Lim described the structure of: (i) linear k-power pre-
servers on Mn(F) when ch F > k or ch F = 0; (ii) linear k-power preservers on Sn(F)
when F is an algebraically closed field of ch F > k or ch F = 0; (iii) linear k-potent
preservers on Mn(F) when k = 2, 3, and ch F > k or ch F = 0; and (iv) linear k-
potent preservers on Sn(F) when k = 2, 3 and F is an algebraically closed field of
ch F /= 2 or 3. Their approach was to reduce a linear k-power/k-potent preserver to
a rank-one nonincreasing linear preserver which has been characterized in [5,16,17].
More results about linear 2-potent or 3-potent preservers can be found in [2,4,19,
22].
The main results of this article are to characterize:
1. Linear k-power preservers from Mn(F) to Mm(F) when ch F > k or ch F = 0;
2. Linear k-potent preservers fromMn(F) toMm(F)when F is an algebraically closed
field with ch F = 0;
3. Linear k-power preservers from Sn(F) to Mm(F) (respectively, Sm(F)) when
ch F > k  5 or ch F = 0; and
4. Linear k-potent preservers from Sn(F) to Mm(F) (respectively, Sm(F)) when F is
an algebraically closed field with ch F = 0.
In the next section, we will provide several lemmas which will be used to charac-
terize linear k-power/k-potent preservers in Section 3. The characterization of linear
k-power/k-potent preservers is done by using two results about idempotent preservers
proposed by Cao and Zhang [4] and Tong and Cao [22], which is different to [1,6].
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Based on the above statement, this article can be viewed as a supplementary version
of [1,2,4,6,19,22].
2. Preliminary results
In this section we introduce several lemmas which will be useful for proving our
main results in the following section.
Lemma 2.1 [2,4]. Suppose F is a field of ch F /= 2, and h : Mn(F) → Mm(F) is
a linear map preserving idempotent matrices and satisfies h(In) = Im. Then there
are two nonnegative integers p1, p2 satisfying m = (p1 + p2)n, and a nonsingular
matrix P ∈ Mm(F) such that h is of the form X → P [(X ⊗ Ip1) ⊕ (XT ⊗ Ip2)]P−1
for all X ∈ Mn(F).
Lemma 2.2 [22]. Suppose F is a field of ch F /= 2, 3, 5, and h : Sn(F) → Mm(F) is a
linear map preserving idempotent matrices and satisfies h(In) = Im. Then m = pn
for some positive integer p, and there is a nonsingular matrix P ∈ Mm(F) such that
h is of the form X → P(X ⊗ Ip)P−1 for all X ∈ Sn(F).
Lemma 2.3. Suppose k is a fixed integer with k  2,F is a field of ch F > k or
ch F = 0,V = Mn(F) orSn(F), andf :V→ Mm(F) is a linear k-power preserver.
Let C and D are orthogonal idempotent matrices in V. Then f (C) and f (D) are
orthogonal.
When V = Mn(F) and m = n, Chan and Lim have proved Lemma 2.3 in [6,
Corollary 1]. However, their approach is also available for the other cases of Lemma
2.3.
Lemma 2.4. Suppose k is a fixed integer with k  2,F is an algebraically closed
field of ch F = 0,V = Mn(F) or Sn(F), and f :V→ Mm(F) is a linear k-potent
preserver. Let C and D are orthogonal idempotent matrices inV. Then f (C) and
f (D) are orthogonal.
WhenV = Mn(F), m = n and F is the field of all complex numbers, Brešar and
Šemrl have proved Lemma 2.3 in [1, pp. 81–82]. However, their approach is also
available for the other cases of Lemma 2.4.
Lemma 2.5. Suppose F is a field and B is a potent matrix in Mm(F) with rank B =
s  1. Then B = Q(D ⊕ 0)Q−1, where Q ∈ Mm(F) and D ∈ Ms(F) are nonsingu-
lar.
Proof. By [3, Example 13.13], we can write B = Q(D ⊕ N)Q−1, where Q,D are
nonsingular and N is nilpotent. Since B is a potent matrix, we have N = 0, and hence
the proof is completed. 
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3. Main results
In this section we will characterize linear k-power/k-potent preservers. This re-
quires the following theorem.
Theorem 3.1. Suppose F is a field of ch F /= 2, and f : Mn(F) → Mm(F) is a linear
map such that
(i) f (B) is a potent matrix in Mm(F) for every idempotent matrix B in Mn(F),
and
(ii) f (C) and f (D) are orthogonal for any orthogonal idempotent matrices C and
D in Mn(F).
Then there are two nonnegative integers p1, p2 with m  (p1 + p2)n, and a nonsin-
gular matrix R ∈ Mm(F) such that f is of the form
X → R[(X ⊗ G1) ⊕ (XT ⊗ G2) ⊕ 0]R−1 for all X ∈ Mn(F), (1)
where Gi ∈ Mpi (F) is potent whenever pi /= 0, i = 1, 2.
Proof. For any idempotent matrix A in Mn(F), it is clear that A and In − A are
orthogonal idempotent. Applying (ii) to C = A and D = In − A, we have f (A) and
f (In − A) are orthogonal. Since f is linear, one can obtain
f (A)2 = f (A)f (In) = f (In)f (A) (2)
for any idempotent matrix A in Mn(F).
Case 1: Suppose f (In) = 0. Then we derive from (2) that f (A)2 = 0 for any
idempotent matrix A in Mn(F). Noting (i), we obtain that f (A) = 0 for any idem-
potent matrix A in Mn(F). Since every matrix in Mn(F) can be written as a linear
combination of finitely many idempotent matrices inMn(F), one can conclude f = 0,
i.e., f has the form (1) (in the case of p1 = p2 = 0).
Case 2: Suppose rank f (In) = m. Then f (In) is nonsingular. Define a map h :
Mn(F) → Mm(F) by h(X) = f (In)−1f (X) for all X ∈ Mn(F). Due to (2) and the
linearity of f , we conclude that h is a linear map preserving idempotent matrices and
satisfyingh(In) = Im. By Lemma 2.1, there are two nonnegative integersp1, p2 satis-
fyingm = (p1 + p2)n, and a nonsingular matrixP ∈ Mm(F) such thath has the form
X → P [(X ⊗ Ip1) ⊕ (XT ⊗ Ip2)]P−1 for all X ∈ Mn(F). Therefore, f has the form
X → f (In)P [(X ⊗ Ip1) ⊕ (XT ⊗ Ip2)]P−1 for all X ∈ Mn(F). This, together with
(2), implies that f (In)P [(A ⊗ Ip1) ⊕ (AT ⊗ Ip2)]P−1 = P [(A ⊗ Ip1) ⊕ (AT ⊗
Ip2)]P−1f (In) for any idempotent matrix A in Mn(F). If we choose A = Eii and
A = Eii + Eij for i, j = 1, 2, . . . , n and j /= i, in turn, thenf (In) = P [(In ⊗ G1) ⊕
(In ⊗ G2)]P−1, whereGi ∈ Mpi (F), i = 1, 2. Noting that In is idempotent and using
(i), we have G1 and G2 are potent matrices. Furthermore, f has the form (1) (in the
case of m = (p1 + p2)n).
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Case 3: Suppose 1  rank f (In) = s < m. Since In is idempotent, we have from
(i) that f (In) is a potent matrix in Mm(F). By Lemma 2.5, one can write f (In) =
Q(D ⊕ 0)Q−1, where Q ∈ Mm(F) and D ∈ Ms(F) are nonsingular. This, together
with (2) and (i), implies that f (A) = Q(g(A) ⊕ 0)Q−1 for every idempotent matrix
A in Mn(F), where g(A) satisfies
g(In) = D and g(A)2 = g(In)g(A) = g(A)g(In). (3)
Since every matrix in Mn(F) can be written as a linear combination of finitely many
idempotent matrices in Mn(F), we derive
f (X) = Q(g(X) ⊕ 0)Q−1, ∀X ∈ Mn(F), (4)
where g : Mn(F) → Ms(F) is a linear map satisfying (i), (ii) and (3). Now we may
claim by Case 2 (i.e., replace f by g in Case 2) that there are two nonnegative
integers p1, p2 satisfying s = (p1 + p2)n, and a nonsingular matrix P ∈ Ms(F) such
that g has the form X → P [(X ⊗ G1) ⊕ (XT ⊗ G2)]P−1 for all X ∈ Mn(F), where
Gi ∈ Mpi (F) is potent whenever pi /= 0, i = 1, 2. This, together with (4), implies
that f has the form (1).
Combining the above three cases, we complete the proof. 
Based on the above theorem and Lemmas 2.3 and 2.4, we can characterize the
linear k-power/k-potent preservers from Mn(F) to Mm(F) as follows.
Theorem 3.2. Suppose k is a fixed integer with k  2, and F is a field of ch F > k or
ch F = 0.Thenf : Mn(F) → Mm(F) is a linear k-power preserver if and only if there
are two nonnegative integers p1, p2 satisfying m  (p1 + p2)n, and a nonsingular
matrix R ∈ Mm(F) such that f has the form X → R[(X ⊗ G1) ⊕ (XT ⊗ G2) ⊕
0]R−1 for allX ∈ Mn(F),whereGi ∈ Mpi (F) is k-potent wheneverpi /= 0, i = 1, 2.
Theorem 3.3. Suppose k is a fixed integer with k  2,F is an algebraically closed
field of ch F = 0. Then f : Mn(F) → Mm(F) is a linear k-potent preserver if and
only if there are two nonnegative integers p1, p2 satisfying m  (p1 + p2)n, and
a nonsingular matrix R ∈ Mm(F) such that f has the form X → R[(X ⊗ G1) ⊕
(XT ⊗ G2) ⊕ 0]R−1 for all X ∈ Mn(F), where Gi ∈ Mpi (F) satisfies Gk−1i = Ipi
whenever pi /= 0, i = 1, 2.
Remark 3.4. When m = n, Theorem 3.2 was proved by Chan and Lim in [6]; when
m = n and F is the field of all complex numbers, Theorem 3.3 was proved by Brešar
and Šemrl in [1]; when m = n and k = 2, 3, Theorem 3.3 was proved by Chan and
Lim in [6].
Based on Lemmas 2.2–2.4, following the process of obtaining Theorems 3.1–3.3
we can describe the structure of the linear k-power/k-potent preservers from Sn(F)
to Mm(F) as follows.
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Theorem 3.5. Suppose k is a fixed integer with k  5, and F is a field of ch F > k or
ch F = 0. Then f : Sn(F) → Mm(F) is a linear k-power preserver if and only if there
are a nonsingular matrix R ∈ Mm(F) and a nonnegative integer p with m  pn such
that f has the form X → R[(X ⊗ G) ⊕ 0]R−1 for all X ∈ Sn(F), where G ∈ Mp(F)
is k-potent whenever p /= 0.
Theorem 3.6. Suppose k is a fixed integer with k  2,F is an algebraically closed
field of ch F = 0. Then f : Sn(F) → Mm(F) is a linear k-potent preserver if and
only if there are a nonsingular matrix R ∈ Mm(F) and a nonnegative integer p with
m  pn such that f has the form X → R[(X ⊗ G) ⊕ 0]R−1 for all X ∈ Sn(F),
where G ∈ Mp(F) satisfies Gk−1 = Ip whenever p /= 0.
By an argument similar to proving [23, Theorem 3], the following two corollaries
can be easily derived from Theorems 3.5 and 3.6.
Corollary 3.7. Suppose k is a fixed integer with k  5, and F is a field of ch F > k or
ch F = 0. Then f : Sn(F) → Sm(F) is a linear k-power preserver if and only if m 
pn for some nonnegative integer p, and f has the form X → R[(X ⊗ G) ⊕ 0]R−1
for all X ∈ Sn(F), where G ∈ Mp(F) is k-potent whenever p /= 0, and R ∈ Mm(F)
satisfies RTR = (In ⊗ B) ⊕ H for some nonsingular matrices B ∈ Sp(F) and H ∈
Sm−np(F) whenever p /= 0 and m − np /= 0.
Corollary 3.8. Suppose k is a fixed integer with k  2, F is an algebraically closed
field of ch F = 0. Then f : Sn(F) → Sm(F) is a linear k-potent preserver if and only
if m  pn for some nonnegative integer p, and f has the form X → R[(X ⊗ G) ⊕
0]R−1 for all X ∈ Sn(F), where G ∈ Mp(F) satisfies Gk−1 = Ip whenever p /= 0,
and R ∈ Mm(F) satisfies RTR = (In ⊗ B) ⊕ H for some nonsingular matrices B ∈
Sp(F) and H ∈ Sm−np(F) whenever p /= 0 and m − np /= 0.
Remark 3.9. When m = n and k = 2, 3, Corollaries 3.7 and 3.8 were proved by
Chan and Lim in [6].
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